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Abstract. We consider the gradient flow associated to the following functionals 

T m (ip) = [ l + \\7 m is\ 2 dfi. 

J M 

The functionals arc defined on hypcrsurfaccs immersed in R n + 1 via a map ip : M — ► R n+1 , 
where M is a smooth closed and connected n-dimensional manifold without boundary. 
Here fi and V are respectively the canonical measure and the Levi— Civita connection on the 
Riemannian manifold (M,g), where the metric g is obtained by pulling back on M the usual 
metric of R n+1 with the map ifi. The symbol V m denotes the m-th iterated covariant derivative 
and v is a unit normal local vector field to the hypersurface. 

Our main result is that if the order of derivation m £ N is strictly larger than the integer 
part of n/2 then singularities in finite time cannot occur during the evolution. 

These geometric functionals are related to similar ones proposed by Ennio De Giorgi, who 
conjectured for them an analogous regularity result. In the final section we discuss the original 
conjecture of De Giorgi and some related problems. 



1. Introduction 

In one of his last papers Ennio De Giorgi conjectured that any compact n-dimensional hyper- 
surface in R n+1 , evolving by the gradient flow of certain functionals depending on sufficiently high 
derivatives of the curvature does not develop singularities during the flow (|| |lf| , Sec. 5, Conj. 2 
— see |l(J for an English translation). 

This result is central in his program to approximate singular geometric flows with sequences of 
smooth ones. 

Representing hypersurfaces in M. n+1 as immersions ip : M — > ]R n+1 , we consider the gradient 
flow associated to the following functionals 



T m {y)= I l + |V"V| 2 c^ 

J M 



where [i and V are respectively the canonical measure and the Levi-Civita connection on the 
Riemannian manifold (M, <?), where the metric g is obtained by pulling back on M the usual 
metric of K n+1 via tp. We denote with V m the m-th iterated covariant derivative and with v a 
unit normal local vector field to the hypersurface. Finally, A and H are respectively the second 
fundamental form and the mean curvature of the hypersurface. 

These functionals are strictly related to the ones proposed by De Giorgi since, roughly speaking, 
the derivative of the normal is the curvature of M. Though not exactly the same, they can play 
the same role in the approximation process he suggested. In the end of the paper we discuss some 
other possible functionals and, in particular, the original De Giorgi conjecture. 

Our main result is that if the order of derivation m € N is strictly larger than [^] (where [^1 
denotes the integer part of n/2), then singularities cannot occur. 

The simplest case n = I and m = 1 is concerned with curves in the plane evolving by the 
gradient flow of 



(1.1) ^1(7) = / l + k 2 ds 

s 1 
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since the curvature k of a curve 7 : S 1 — > M 2 satisfies /c 2 = |V^| 2 . The global regularity in this 
case was showed by Polden in the papers |3^, |3l[] which have been a starting point for our work. 
Wen in p8| found results similar to Polden's ones, in considering the flow for J gl k 2 ds of curves 
with a fixed length. 

The very first step in attacking our problem is an analysis of the first variation of the functionals 
!F m , which gives rise to a quasilinear system of partial differential equations on the manifold M. 
The small time existence and uniqueness of a smooth flow is a particular case of a very general 
result of Polden proven in J24|, |3lj] . Then the long time existence is guaranteed as soon we have 
suitable a priori estimates on the flow. 

In the study of the mean curvature flow of a hypersurface ip : M x [0, T) — > R ra+1 , 

(which is of second order) via techniques such as varifolds, level sets, viscosity solutions (see ^, 
|§|, ^]), the maximum principle is the key tool to get comparison results and estimates on 

solutions. In our case, even if m = 1, the first variation and hence the corresponding parabolic 
problem turns out to be of order higher than two, precisely of order 2m + 2, so we have to deal 
with equations of fourth order at least. This fact has the relevant consequence that we cannot 
employ the maximum principle to get pointwise estimates and to compare two solutions, thus 
losing a whole bunch of geometric results holding for the mean curvature flow. In particular, we 
cannot expect that an initially embedded hypersurface remains embedded during the flow, since 
self-intersections can appear in finite time (an example is given by Giga and Ito in JTH ) . By these 
reasons, techniques based on the description of the hypersurfaces as level sets of functions seems 
of difficult application in this case and therefore we adopt a parametric approach as in the work 
of Huisken @. 

Despite the large literature on the mean curvature flow, fourth or even higher order flows 
appeared only recently. Besides the cited works of Polden and Wen, we quote the work of Escher, 
Mayer and Simonett E| on the surface diffusion flow (see also the references therein) 

f = (A,H>„ 

and of Simonett J35| on the gradient flow of the Willmore functional (see (39)) 



V%>) = / |A| 2 d M 

J M 

defined on surfaces immersed in R 3 . In these papers it is shown the long term existence and 
convergence of the flow for initial data which are C 2 ' Q -close to a sphere. 

In the article of Chrusciel ||, the global existence of a fourth order flow of metrics on a two- 
dimensional Ricmannian manifold is applied to construct solutions of Einstein vacuum equations 
representing an isolated gravitational system, called Robinson-Trautman metrics. 



Another problem considered by Polden in pU 32 is the conformal evolution of a metric g on a 



two-dimensional manifold M by the gradient flow of the functional 

11(g) = f F(R) dfi 

where R is the scalar curvature of (M, g) and F is an even, smooth and strictly convex function. 
Finally, in a very recent paper p(| Kuwert and Schatzle study the global existence and regularity 
of the gradient flow of the Willmore functional for general initial data. 

Our work borrows from M, [30| ^l|, |3^| the basic idea of using interpolation inequalities as a tool 
to get a priori estimates. 

We want to remark here that a strong motivation for the study of these flows is the fact that, 
in general, regularity is not shared by second order flows, with the notable exceptions of the 
evolution by mean curvature of embedded curves in the plane (see p6| , p"9] , p3| |) and of convex 
hypersurfaces (see pl|). So our result opens the possibility to approximate canonically singular 
flows with smooth ones by singular perturbation arguments (see || |T(J and Section ||) . 
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In order to show regularity, a good substitute of the pointwise estimates coming from the 
maximum principle, are suitable estimates on the second fundamental form in Sobolev spaces, 
using Gagliardo-Nirenberg interpolation type inequalities for tensors. Since the constants involved 
in these inequalities depends on the Sobolev constants and these latter on the geometry of the 
hypersurface where the tensors are defined, before doing estimates we absolutely need some uniform 
control independent of time on these constants. In these controls are obvious as the constants 
depend only on the length, on the contrary, much more work is needed in Ji], [2(| [32|, because of 
the richer geometry of surfaces. 

In our case, we will see that if m is large enough, the functional T m , which decreases during 
the flow, controls the L p norm of the second fundamental form for some exponent p larger than 
the dimension. This fact, combined with a universal Sobolev type inequality due to Michael and 
Simon p8| , where the dependence of the constants on the curvature is made explicit, allows us to 
get an uniform bound on the Sobolev constants of the evolving hypersurfaces and then to obtain 
time-independent estimates on curvature and all its derivatives in L 2 . These bounds imply in 
turn the desired pointwise estimates and the long time existence and regularity of the flow. 

In the last section we will discuss some possible extensions of our results, some open problems 
and the related conjectures of De Giorgi. 

Acknowledgement. We are grateful to Gerhard Huisken for many discussions about geometric 
flows during his visit at the Scuola Normale Superiore of Pisa. Moreover, we wish to thank Luigi 
Ambrosio for his constant encouragement and invaluable help in several occasions. 

Our work would have been impossible without the enlightening mathematical insight of En- 
nio De Giorgi. This paper is dedicated to his memory. 



2. Notation and Preliminaries 

We devote this section to introduce the basic notations and facts about differentiable and 
Ricmannian manifolds we need in the paper, a good reference for this introduction is Jl^| or the 
first part of §§]. 

The main objects of the paper are n-dimensional closed hypersurfaces immersed in that 
is, pairs (M, tp) where M is an n-dimensional smooth manifold, compact, connected with empty 
boundary, and a smooth map ip : M — > K™ +1 such that the rank of dip is everywhere equal to n. 

The manifold M gets in a natural way a metric tensor g turning it in a Riemannian manifold 
(M, <?), by pulling back the standard scalar product of M" +1 with the immersion map tp. 

Taking local coordinates around p £ M given by a chart F : E™ D U — > M, we identify the 
map (p with its expression in coordinates (p o F : M™ D U — ► IR" +1 , then we have local basis of 

T p M and T*M, respectively given by vectors |g§r| and covectors {dxj}. 

We will denote vectors on M by X — X 1 , which means X — X l -£^-, covectors by Y = Yj, that 
is, Y = Yjdxj and a general mixed tensor with T = T^'" 1 ^, where the indices refer to the local 
basis. 

Sometimes we will need also to consider tensors along M, viewing it as a submanifold of 
via the map <p, in that case we will use the Greek indices to denote the components of such tensors 
in the canonical basis {e a } of R n+1 , for instance, given a vector field X along M, not necessarily 
tangent, we will have X = X a e a . 

In all the paper the convention to sum over repeated indices will be adopted. 

The inner product on M , extended to tensors, is given by 

n(T <ft — a n n^ 17 ' 1 n 3i^i r r i i--- i k qs 1 ...s k 

where <?jj is the matrix of the coefficients of the metric tensor in the local coordinates and g tJ is 
its inverse. Clearly, the norm of a tensor is 



\T\ = V£(1\T). 
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The scalar product in R ra+1 will be denoted with (■ | ■). As the metric g is obtained pulling it 
back with ip, we have 

dip{x) 



/d<p(x) 

9 - {x) = 



d Xj 



The canonical measure induced by the metric g is given by /i = yG C n where G = det (<7y) and 
C n is the standard Lebesgue measure on K™. 

The second fundamental form A = hij of M is the 2-tensor defined as follows: 

d 2 tp(x) ' 



dxidxj 



the mean curvature H is the trace of A, 

(2.1) R(x)=g ij (x)h ij (x). 

The induced covariant derivative on (M, g) of a vector field X is given by 



where the Christoffel symbols T — T' l j k are expressed by the following formula, 

ri 1 il ( 9 9 9 

In all the paper the covariant derivative VT of a tensor T — T^'" 1 ^ will be denoted by V a 3^""j* = 

i'\7T i y i '"*' c 

\ 'sjx—ji ■ 

With V m T we will mean the fc-th iterated covariant derivative of a tensor T. 
We recall that the gradient V/ of a function and the divergence divA of a vector field at a 
point p € (M, g) are defined respectively by 

g(Vf(p),v) = df p (v) VueT p M 

and 

divX = Trace VX = V,A l = —X 1 + T\ k X k . 

oxi 

Notice that considering M as a submanifold of R n+1 , if {ej} € R" +1 is an orthonormal basis of 
T p M we can express the divergence of X as 

divX(p) = <7(ei, V ei A) = (e; | V^A) = V*f(A | e<) = V 6i (A | e t ) 

where V M denotes the projection on T p M of the covariant derivative of K n+1 . 

Using this last expression we can define the divergence of a general, not necessarily tangent, vector 

field A along M as a Riemannian submanifold of M n+1 . 

Such definition is useful in view of the following tangential divergence formula (see p3| , Chap. 2, 
Sec. 7), 

(2.2) / divX dpi = (v\X)Edfj, 

JM J M 

holding for every vector field X along M. 

Notice that the right term is well defined since, by definition (2.1), Hf is independent of the choice 
of the local unit normal v. Moreover, if A is a tangent vector field we recover the usual divergence 
theorem 

div A dfi = . 

M 

The Laplacian AT of a tensor T is 

AT = g"YX,l'. 
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The Riemann tensor, the Ricci tensor and the scalar curvature are expressible via the second 
fundamental form as follows, 

R-ijki =hikhji — huhjk , 
RiCy =B.hij — hug lk hkj , 
R =H 2 -|A| 2 . 

Hence, the formulas for the interchange of covariant derivatives, which involve the Riemann tensor, 
become 

ViVjX* - W J W l X s = Ri jk ig ks X l = RyX 1 = {h lk h 3l - h a h jk ) g ks X l , 

(2.3) ViV,-n - V^Ffe - Ri jk ig ls Y s = Rt jk Y s = {h lk h 3l - h a h jk ) g ls Y s . 
The Codazzi equations 

imply the following identity (see p6|| ) which will be crucial in the sequel, 

(2.4) Ahij = ViVjH + Hh u g ls h S] - \A\ 2 h tJ . 
Also fundamental will be the Gauss- Weingarten relations 



dxidxj lJ dx k y ' dxj dx s ' 



which easily imply = |A|. 

Now we introduce some non standard notation which will be useful for the computations of the 
following sections. 

In all the paper we will write T * S, following Hamilton ^o), to denote a tensor formed by 
contraction on some indices of the tensors T and S using the coefficients g lJ . 
Abusing a little the notation, if T\, . . . , T; is a finite family of tensors (here I is not an index of the 
tensor T), with the symbol 

© Ti 
i=i 

we will mean T± * T2 * • • • *Ti . 

We will use the symbol p s (Ti, . . . , T/) for a polynomial in the tensors Ti, . . . , Tj and their iterated 
covariant derivatives with the * product like 

p s (T 1 ,...,T l )= c i i...<|V il T 1 *...*V* , T / , 

iiH Ni = s 

where the c^,..,, are some real constants. 

Notice that every tensor Ti must be present in every additive term of p s (Ti, . . . , TJ) and there are 
not repetitions. 

We will use instead the symbol q s when the tensors involved are all A or Wf, repetitions are 
allowed and in every additive term of there must be present every argument of q s , for instance, 



q s (V!/,A)=V( © V tk (Vv) ® V J1 A I with TV, M >l. 

^ \k=l 1 = 1 

The order s denotes the sum 

N M 



N M 



(ik + 1) + Vtfi + l). 



k=l 1=1 



Remark 2.1. Supposing that q s is completely contracted, that is, there are no free indices and we 
get a function, then the order s has the following strong geometric meaning: if we consider the 
family of homothetic immersions Xip : M — > M™ +1 for A > 0, they have associated normal v x , 
metric g x , connection V A and second form A A satisfying the following rescaling equations, 

(V A )V A = VV (V A ) J A A = AV J A , 
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Then every completely contracted polynomial q s in Vv and A will have the form 

^(V 41 Vz/) . . . (V lfc Vv) . . . (V m Vis) V jl A . . . V- 7 ' A . . . V JM Ag™ 121 . . . g WtZt 

with 

N M 
fe=l 1=1 

and since the contraction is total it must be 




as the sum between the large brackets give the number of covariant indices in the product above. 
By this argument and the rescaling equations above, we see that q s rescales as 

q s (V A z/\ . . . , A A ) = A M - 2 *q s (V^, . . . , A) 

=A-(sJ r =i(**+i)+i:iliCj«+i)) q -(vi/,...,A) 

=X~ s q s (Vu,...,A). 

By this reason, with a little misuse of language, also when q s is not completely contracted, we will 
say that s is the rescaling order of q s . 

In most of the following computations only the rescaling order and the arguments of the poly- 
nomials involved will be important, so we will avoid to make explicit their inner structure. 
An example in this spirit, are the following substitutions that we will often apply 

Vp,(Ti,...,T,)=p a +i(Ti,...,T,) and Vq z (Vf, . . . , A) = q z+1 (Vv, . . . , A) . 

We advise the reader that the polynomials p s and q z could vary from a line to another in a 
computation by addition of terms with the same rescaling order. Moreover, also the constants 
could vary between different formulas and from a line to another. 

3. First Variation 

Given an immersion <p : M — > R™ +1 of a smooth closed hypersurface in R n+1 , we consider the 
following functionals for m > 1, 



Fm{<p)= [ l + |V"V| 2 d M 
J M 



where v is a local unit normal vector field to M and |V"V| 2 means £™li|V"V Q | 2 . The norm 
| • |, the connection V and the measure [i are all relative to the Ricmannian metric g which is 
induced on M by R n+1 via the immersion tp. Notice that these functionals are well defined also 
without a global unit normal vector field, i. e., M is not orientable, because of the modulus. 

In this section we are going to analyze the first variation of these functionals. Actually, comput- 
ing the exact form can be quite long but for our purposes we need only to study some properties 
of its structure. 

Suppose that we have a one parameter family 1 of immersions ip t : M — > with (p = ip, 

we compute 



(3.1) 5F m (p)(l) = jfm&t) 



= tA l + |V"V| 2 ^ t 



t=0 

where clearly the metric g, the covariant derivative V and the normal v depend on t. 

Setting X(p) = j^iptip) | we obtain a vector field along M as a submanifold of R n+1 via (p. It 

is well known that 

d 



= H(i/|X) ft 
t=o 
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so it follows, 



dt 



t=o 



|V"V| 2 d 



A I 



dt 



m,,\2 



A I 



dt 



|V"V 



d\i 



t=o 



/ 



V"V| 2 H(i/ 1 X) dpi 



dpi . 



Then, we need to compute the derivatives in the last term. 
For the metric tensor g^ we have 



d_ 

di 9lJ ~dt\ 8x 



d I dip 



dxj/ 

\ axi oxj I \ axj 



dip 
dxi 



d 



X 



dip 



dx 
= aij (X). 

Differentiating the formula gi S g S3 = S 3 we get 



- 2( X 



9 a 
— a 3 
dt 9 



The derivative of the normal v is given by 



d 

dt 1 



dv 
~dt 



dip \ dip 



dxi / dx. 



9 V =-K" 



dip\ 

dxij 



■g is a sl (X)g l3 
d 2 ip \ dip 



d 2 ip 
dxidxj 



dtdxi / dx 



V{u \X) 



dX\ d^ gij 
dxi I dxj 
= - V{u \ X) +Vv a X a = b{X). 



dv 

dxi 



X 



dip 
dxj 



Finally the derivative of the Christoffel symbols is 



1 



dt Ljk 2 9 



d (d 



dxj V dt 



ld_ 
2d~t 



Tf t 9kl i + 
d 



d (d 



dxk \dt 
d d 



d (d 



*+ 9jl ' d Xl \dt 9jk 



— gu + x — 9ji - « — 9jk 

dxj dxk dxi 



o9 l \ ~^l9kzX)i + Tr:gizT z jk + -^-.gjz^li + -^-giz^jk -^l9jz^kl ~ ^l9kz^j 



Q^KZ^jl I ^aiZ-jfc ' Q^HJZ^ kl < Q^HlZ^jk Q^HJZ^ kl Q^VKZ^ jl 

9 Zl 

9sz9 



dt 



dx 



-9u 



dx 



-9ji 



dx, 



9jk 



d d 
+ 9 — 9izL jk - 9 q19szL jk 



dt 



1 



d 



= o9 l 1 v j ( -Q t 9ki ) + V fe ( -g jt —jjk 



d 



dv 



d 



dt 



i 



g a {V j( iki(X) + Wka jt (X) - Via jk (X)} 



Notice that all these derivatives are linear in the field X, since the aij(X) and b(X) are such. 
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Lemma 3.1. If a{X) = Jjg is the tensor defined before, for every covariant tensor T = T il ,, Al 
we have 

^L V s T = v sVr +Ps _ i{TVa{x)) 

where the constants in the polynomials p s _i(T, Va(X)) are universal. 

Moreover, if the tensor T is a function f : M — > M fe the last fermp s _i(/,Va(l)) can be substituted 
with another polynomial p s _ 2 (V/, Va(X)). 

Proof. We prove the lemma by induction on s > 1. 
If s = 1 then 

at 3 tl - xi dt\dxj W'i-*.-i«, +1 ...„ 
r r t 

= V— +T*Va(X) 



by the previous computation, hence 



_VT = V— +p (T,Va(X)) 



and the initial case is proved. 

Supposing the lemma holds for s — 1, we have 

|VT=|V(V-T) 



= V (j^V^T) +p (V s - 1 T,Va(X)) 
= V(V S - 1 — +p s _ 2 (T,Va(X)) 



+ p (V s - i T,Va(X)) 
= V s ^+Vp s _ 2 (T,Va(X)) 
+ p (V s - 1 T,Va(X)) 

= V s ^+p s _i(T,Va(X)) 

where we set 

p s _i(T, Va(X)) = Vp s _ 2 (T, Va(X)) + p (V 5 - 1 T, Va(X)) . 

By this last formula, it is clear that the constants involved are universal. Moreover, if T is a 
function / : M — > M fe then the term po(/, VapQ) vanishes and the same formula says that 
p s _i(/, Va(X)) does not contain / without being differentiated. □ 

Remark 3.2. In the following we will omit to underline that all the coefficients of the polynomials 
p s and q s which will appear are algebraic, that is, they are the result of formal manipulations. In 
particular, such coefficients are independent of the manifold (M, g) where the tensors are defined. 
This is crucial in view of the geometry-independent estimates we want to obtain. 



Proposition 3.3. The derivative 

d_ 

dt 



t=o 
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depends only on the vector field X = -^ift | t _ and such dependence is linear. 
The first variation of T m 



t=o 



is a linear function of the field X . 



Proof. Distributing the derivative in t on the terms of the product, we have seen that the deriva- 
tives of the metric coefficients depends linearly on X, it lasts to check the derivative of Vi 1 ,„i m v- 
By the last assertion of Lemma 3.1, we have 



^V m v = V" 1 ^ + p m _ 2 (V^, Va(X)) 



and since 4r — b(X) we get 



d_ 

at 



V"V = V m b(X) + p ro _ 2 (V^, Va(X)) 



which proves the first part of the lemma as a(X) and b(X) are linear in X. 

The second statement clearly follows by the previous computations and the first part of the 
lemma. □ 



By this result, we can write 5J-" m ((p)(X) — 6F m (y>)(X). Now we want to prove that actually the 
first variation depends only on the normal component of the field X, that is, (v | X), by linearity, it 
is clearly sufficient to show that 8!F m {ip){X) = for every tangent vector field X. By the previous 
proposition, in order to compute the derivative (3.1) we can choose any family X of immersions 
withX= f^t| t=0 . 

Given a vector field X along M as a submanifold of R™ +1 which is tangent, there exists a 
tangent vector field Y on M such that dip p (Y(p)) = X(p) for every p £ M. 

Then we consider the smooth flow L(p, t) : M x (— e, e) — > M generated by Y on M as the solution 
of the ODE's system 



L(p,0) = 



Y(L(p,t)), 



P 



for every p £ M and t £ (— e,e), and we define if tip) = £))• 
Clearly ipo = ip and 



d ( ^ 



t=o 



d<p p (Y(p)) = X(p) , 



t=o 



hence, using the family X — {ft} we have 



ST m {lf){X) = —Frnift) 



t=0 



If gt is the metric tensor on M induced by R™ +1 via the immersion if t , then the Riemannian 
manifolds (M, g t ) and (M, g) are isometric for every t £ {—6, e), being /(• , t) — f~ 1 oif t ■ {M, gt) — > 
(M,g) an isometry between them. Since the functional T m is invariant by isometry, J-mift) does 
not depend on t and its derivative is zero. 

By the previous discussion we have then the following proposition. 

Proposition 3.4. The first variation <5J r m ((^)(X) depends only on (y \ X). 

This means that we can suppose that X is a normal field in studying 5J-" m itf)(X), hence we 
can strengthen the previous computations as follows, 
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-Q t 9ij =a%j(X) = -2 ( X 



d_ 

at 



9 m g*ff 



ij - 



d 2 y 
dxidxj 



-2{v\X)h ij 



2 (v | X)hij 



d - v =-V(»\X) 
d_ 



i-Jh =9 il {Vi((^ | X)h kl ) + V k ((v | X)h 3l ) - V ; «^ | X)h jk )} 



= VA*(v\X) + A* V(v\X) 



Supposing X normal, we have immediately the following modification of Lemma 3.1 substituting 
the tensor dij(X) with 2 (y \ X)hij. 

Lemma 3.5. For every covariant tensor T = T^...^, we have 

^V*T = V s ^+p s (T,A, ( V \X)) 

where in p s (T, A, (v \ X)) the derivative VT does not appear. If T is a function f ; M — > R fc 

^VV = V s ^ + p s _i(V/,A,(^|X)) 

and p s _i(V/, A, (y \ X)) does not contain V s /. 

This lemma and the fact that §j£ = —V{v \ X) lead to the following proposition. 

Proposition 3.6. Letting {e a } the canonical basis of R n+1 and setting v — v a e a 6 R" +1 , we 
have 

^V il ... im v a = -V n ... 4m V Q (^ | X) + p ro _i(W, A, {v | A» 
at 

where we denoted with \7 a (is \ X) the a component of the gradient V(f | X) in the canonical basis 
ofW l+ . Moreover, the derivative V"V is not present in p m _i(Vz^, A, (u \ X)). 



We are finally ready to compute 



|/ M i + |v"V| 2 ^ 



t=0 JM 



(l + |V m i/| 2 )H(i/|X) d^ 



Ml 



M 



dr 



g ' ' V,. /'V , ...... /"/// 



2 / 9 ilh ■ ■■g lm3m Vi 1 ... im V a <r/ 1 X) V ju .. jm u a dp 

JM 



+ 2/ V m z/*p TO _i(V^A,^|X))d/i 



A/ 



J M 

+ 2m f V"V * V"V * A{v \ X) dp 

JM 



-2 \ g* in ■ ■ .g tm3m V il ... im V ot (v\X)V jl ... jm v a dn 

JM 

+ [ p m -i(V"V,V^,A,HA))^. 

JM 

Now, in order to "carry away" derivatives from (u | X) in the last integral, we integrate by parts 
with the divergence theorem, "moving" all the derivatives on the other terms of the products. 
Hence, we can rewrite it as 



/ p2m-2 ( VU, VU, A) (U | X) dp , 
JM 
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which is equal to 



,2m+l 



(Vv,A)(v\X) dn 



M 



with the conventions of Section ||. 

Since also the second integral has this form, collecting them together, we obtain 



at J M 



t=0 JM 



R(v\X)dfi 



,2m+l 



(Vv,A)(v\X)dfx 



M 



-2 / g 1111 ... 5 Wm V il ... im V Q (i/|X) V h ... jm v a dn. 

JM 

Finally, we deal with this last term. First, by the divergence theorem it can be transformed in 

-2(-l) m / V a {p\X)V jm - jl V h ... jm v a d}J,, 

J M 

second, using the tangential divergence formula (2.2), it is equal to 

2(-l) TO f {u\X)V ot V jm - jl V h ... jm y a dn+ [ q 2m+1 (Vi/, A)(v \ X) dfj, , 

JM JM 

where the extra term q 2m+1 (V^, A)(v \ X), which has a differentiation order lower than the first 
term, comes from the product with the mean curvature in the tangential divergence formula. 
Notice now that the permutation of derivatives introduces additional lower order terms of the form 



,2m+l 



(Vv,A)(v\X)dfi 



M 



by formulas (2.3), hence we get 

2(-l) m f (u\X)V jl V jl ...V jm V jm V a u a dp + f q 2m+1 (Vv,A)(v\X)dfi 

JM JM 



that is, 



m times 

2(-l) m / (is\X)AA^~A\7 a v a dfi 

JM 



,2m+l 



M 



(Vis, A)(u\X) dp,. 



By Gauss- Weingarten relations (2.5), we have 



V"//' = '•/',//- |f = 9 ij h jig la g si = sphx 



H. 



so we conclude 



6F m (<p){X) = [ R(v\X)dv+ [ q 2m+1 (Vv,A)(v\X)dfi 

JM JM 



+ 2(-l) m / AA . . . AH(i/ 1 X) dp 



M 



q 1 (A)(v\X)dn+ / q 2m+1 (Vv,A){v\X)d[i 



M 



m times 



+ 2(-l) m / AA . . . AH(i/ \X)d l i. 

JM 

By the previous discussion this formula holds in general for every vector field X along M. We 
summarize all these facts in the following theorem. 

Theorem 3.7. For any m > 1 the first variation of the functional T m is given by 

6F m (<p)(X) = [ E m (ip){i/ 1 X) d/j, 

JM 
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where the function E m (^>) has the form 

m times 

E m (<p) = 2(-l) m AA^~AH + q 2m+1 (V^, A) + q\A) . 

4. Gradient Flow and Small Time Existence 

Suppose that ipo : M — > K n+1 is smooth immersion of an n-dimensional hypersurface M which 
is compact, connected and has empty boundary. 

We look for a smooth function ip : M X [0, T) such that 

1. the map <pt — <p{-, t) : M — > ]R n+1 is an immersion; 

2. the following partial differential equation is satisfied 

dp 

If we have a solution, then we say that the hypersurfaces M t — (M, <? t ), where g t is the induced 
metric on M, evolve by the gradient flow of the functional T m . 

The small time existence of such flow is a slight modification of the following result of Polden 
(see H, Thm. 2.5.2, Sec. 2 or @). 

Theorem 4.1. For any smooth hypersurface immersion (po : M — > N, with N a smooth (n + 1)- 
dimensional Riemannian manifold, there exists a unique solution to the flow problem 

s times 

dp 

~dt 

defined on some interval < t < T and taking p>o as its initial value. 

Looking at Polden's proof, it is possible to allow the function $ to depend also on the metric 
g, moreover the covariant derivatives of the normal v, using induction and the Gauss- Weingarten 



(-1) S+1 AA ... AH + $(<p, v, A, VA, . . . , V^^A) ) v 



relations (2.5), can be expressed in terms of the covariant derivatives of the curvature (see the 



proof of Lemma 7.5) 



Hence, we can conclude that there exists a small time solution of the problem 

m times 

% = ( ( - ir «2rrS* +4 („,A,,VA,V, ... ,V— A,V^)), 

which includes our case up to a constant multiplying the leading term. Since such a constant 
can be eliminated by a time-only rescaling and since a smooth evolution of an immersed compact 
manifold clearly remains an immersion at least for some positive time, we have a small time 
existence and uniqueness result for the gradient flow of T m with every initial hypersurface. 

5. A Priori Estimates 

To prove long time existence we need a priori estimates on the second fundamental form and 
its derivatives which are obtained via Sobolev and Gagliardo-Nirenberg interpolation inequalities 
for functions defined on M t . 

Since the hypersurfaces are moving, also the constants appearing in such inequalities change during 
the flow, hence, before proceeding with the estimates, we need some uniform control on them. 

In this section we see that if the integer m larger than [^] then we have a uniform control, 
independent of time, on the L n+1 norm of the second fundamental form; this is a crucial point 
where such hypothesis is necessary. This fact will allow us to show in the next section that also 
the above constants are uniformly bounded during the flow. 

In the last part of the section, using an inequality of Michael and Simon, we prove also an a priori 
lower bound on the volume of the evolving hypersurfaces. 

By the very definition of the flow, the value of the functional T m decreases in time, since 

d f 

-T m (p t ) = [E m (ip t )] 2 dfi t < 0, 



dt 



A I 
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hence, as long as the flow remains smooth, we have the uniform estimate 

(5.1) / l + \V m k\ 2 dii t =T m (ip t )<T m {^) 

J M 

for every t > 0. 

Now we want to prove that if m > [§] , this estimate implies that the L n+1 (/j, t ) norms of the 
second fundamental form A of M t are uniformly bounded independently of time. 

Our starting point is the following universal interpolation type inequalities for tensors. 

Proposition 5.1. Suppose that (M, g) is a smooth and compact n-dimensional Riemannian man- 
ifold without boundary and fi the measure associated to g. 

Then for every covariant tensor T and exponents q G [1, +oo) and r € [1, +oo], we have 

(5.2) llV^TH^^qiV'Tlll^jllrllgJ,) Vie [0,s], 
with 

1 _ j_ , s-j 
p sq sr 

where the constant C depends only on n, s, j, p, q, r and not on the metric or the geometry of 
M. 

The proof of the case r = +oo can be found in ]2C| ]. Sec. 12, along the same lines also the case 
r < +oo follows (see also Q, Chap. 3, Sec. 7.6). 

Suppose that M is orientable and that g is the metric induced by the immersion ip : M — » M™ +1 , 
let v be a global unit normal vector field on M. 

If in ( |5.2j ) we consider T = v, s = m, j = 1, q = 2 and r = +oo, then we have |T| = 1 and p — 2m, 
hence 

||VHU- (M) < c\\v m v\\% w , 

for a constant C — C(n, m). 

Since by (2.5) |Vf| = |A|, we conclude 

/ |A| 2m dfi<C [ |V"V| 2 d/i < CT m {ip) . 
Jm Jai 

If M is not orientable, then there exists a two-fold Riemannian covering M of M, with a locally 
isometric projection map 7T : M —* M which is orientable and immersed in R n+1 via the map 
tp o 7T. Repeating the previous argument for M we get 



f \A\ 2m djd<C [ \V m u\ 2 dJi. 



Since 7r is a local isometry and noticing that the global unit normal field on M gives locally a 
unit normal field on M, all the quantities which appear inside the integrals above do not change 
passing from M to M, only when we integrate we need to take into account the two-fold structure 
of the covering. This means that for every smooth function u : M — > R we have 

u o tt djl — 2 udfi . 
m Jm 

Hence, we deduce 

2 f |A| 2m dn<2C [ |V"V| 2 d[i<2 CT m {<p) 
Jm Jm 
which clearly gives the same estimate as in the orientable case. 
As 2m > 2 [|] > n + 1, we have 

n + l 

(5.3) J \A\ n+1 dp, < (J \A\ 2m df?j ^ (Vol M) 2 -^^ 1 < CT m {x>) 

with a constant C = C{n, m). 
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Finally we show that also the volume of M is well controlled by the value of J r m ((p) under the 
hypothesis m > [§■] . 

The bound from above is obvious, the bound from below in dimension n > 1 can be obtained via 
the following universal Sobolev inequality due to Michael and Simon (see (2^, |3l|). 

Proposition 5.2. Let ip : M — > R" +1 be an immersion of an n-dimensional, compact hyper- 
surface without boundary. On M we consider the Riemannian metric induced by M. n+1 and the 
corresponding measure [x. 

Then, there exists a constant C = C(n,p) depending only on the dimension n and the exponent p 
such that, for every smooth function u : M — ► 1R 

/ f , \ 1/p * / f f \ 1/p 

(5.4) / \u\ p d^\ <C(n,p)[ / |V<d/i+ / |Hu| p dAt 



\JM J \JM JM 

where p £ [1, n), n > 1 and p* = ^z^- 

Considering the function u : M — > M constantly equal to 1 in the inequality for p = 1, and 
taking in account (5.3), we get 

(Vol M)^ <C [ \R\dfi 

JM 

<C||A|U„ +1(M) (Vol AO* 
<C^ m ((^)*(VolA/)^ . 

71-1 _ 1 

Dividing both members by (Vol M) n , as > we conclude 

1 < CT m (ip)^ (Vol Af)^+T) 

that is, 

C 

< Vol M < T m (<p) 



for a constant C = C(n, m). 

Remark 5.3. With the same argument, it follows that also ||A||i»+irn) can be controlled above and 
below with !F m {}p) and that the functional T m is uniformly bounded from below by a constant 
greater than zero. 

In the special case n = 1, we recall that for every closed curve 7 : S 1 — > M 2 in the plane the 
integral of the modulus of its curvature is at least 2n, then 

2vr < J \A\ds<(^J |A| 2 ds^ ^Length 7 < C^jT m {^) ^/Length 7 . 

Hence, 

C 

— — < Length 7 < ^(7) 

•^m(7) 

with C = C(m). 

Putting together all these inequalities and the uniform estimate (5.1) we obtain the following 
result. 

Proposition 5.4. As long as the flow by the gradient of T m of a hypersurface in IR n+1 exists, we 
have the estimates 

||A|| Lre+ i (Mt) < d < +00 

< C 2 < Vol M t < C 3 < +00 

where the three constants C\, C2 and C3 are independent of time. 

They depend only on n, m and the value of Tm for the initial hypersurface. 
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6. Interpolation Inequalities for Tensors 

As we said, we show now that the uniform bound on the L n+1 norm of the second fundamental 
form implies that the constants involved in some Sobolev and Gagliardo-Nirenberg interpolation 
type inequalities are also equibounded. 

Recalling inequality (5.4), we have 

(6-1) < C(n,p) (\\Vu\\ LPW + HHuUip^j) 

for every u G C 1 (A/), where p* — and p G [1, n). 

Proposition 6.1. If the manifold (M,g) satisfies Vol M + ||H|| ^ < B for some 5 > then 
for every p G [1,ti), 

IMU**(„) < C (\\Vu\\ LPM + \\u\\ LPM ) Vu G C\M) , 
where the constant C depends only on n, p, S and B. 



Proof. Applying Holder inequality to the last term of inequality (3.1), we get 
\\u\\ L p'( P ) < C(n,p)\\Vu\\ LV[ll) +C(n,p,S,B)\\u\\ LP{fl) 

where p is given by 

„ p(n + 5) „ n(n + 5) 



n + 5 — p n(n + 6) + p*8 ' 

then p < p < p* . 

Hence, we can interpolate IMIlp^) between a small fraction of IMIlp*^) and a possibly large 
multiple of HuHlp^), 

ll«llz»» < C(n,p)\\Vu\\ LPM + C(n,p,6, B) (e\\u\\ ^ (ju) + C{s, P )\\u\\ lpW ) . 

Choosing e > such that eC(n,p, S, B) < 1/2 and collecting terms we obtain 

\\u\\ LP * M < C(n,p,S,B) (||Vm|| lp(m) + \\u\\ LP{fl) ) . 

□ 

When p > n we prove the following L°° result (see also ]26[ ], Thm. 5.6). 

Proposition 6.2. If the manifold (M,g) satisfies Vol M + \\H.\\ Ln +s^ < B for some S > then 
for every p > n, we have 

maxM < C (HVttH^j + Wi,^)) VueC^M), 
where the constant C depends only on n, p, 6 and B. 

Proof. Suppose first that M is embedded and n + 5 > p > n, clearly ||H|| iP ( M ) is bounded by a 
value depending on the constant B. 

We consider M as a subset of R n+1 via the embedding tp and /1 as a measure on R n+1 which is 
supported on M. Then the following result holds ( fl33| , Thm. 17.7): let B p (x) be the ball of radius 
p centered at x in R n+1 , for every < a < p < +00 we have 

1 /p / ,,ru f„\\\ Vp 



Hence, 



< ( KB ^ X)) ) + C(n,p, 5, B) (p^ - *Wp) 
{ a- ) -p~^ + C2P 



and choosing p = 1, for every < a < 1 we get the inequality 

p(B a (x)) < C(n :P ,8 : B)a n . 
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Then we need the following formula which is proved in J33[, Sec. 18, as a consequence of the 



tangential divergence formula (2.2). 
For every < a < p < +oo we have 



< ^4 + / T ^ / r ^ u \ + \uK\)Mv) dr 

P J a JB T (x) 



'B r (x 

where r = \x — y\ and u is any smooth non negative function. 
Noticing that r < t and using Holder inequality we estimate 

I_ba^± J_BM^L + (f | V „|* + \*HPdX" ( P T- n n{B r {x)f-^dr 

° P \JM J Jo 

< f udn + C(\\Vu\\ LPM + \\uK\\ LPM ) [ T ~ n T n ~ n >P dr 

JB 1 (x) Jcr 

where in the last passage we set p = 1 used the previous estimate on p(B T (x)). The function 
T — n/p j s integrable since p > n and we get 

f R , ,udu r i _ fji-n/p 

^ < / udp + C(\\Vu\\ LP{fl) + \\uR\\ LPM ) , 

now sending a to zero, on the left side we obtain the value of u(x) times ui n which is the volume 
of the unit ball of M" , hence 

uj n u(x) < / udp + C {\\Vu\\ LP ^) + ||uH|| L p (AI )) 

JBiix) 

<C{n,p,S,B) (||u||z,i( M ) + ||Vu|| iP(Al) + ||uH|| L p (ai) ) . 
For a general u we apply this inequality to the function it 2 , thus 

< Cmax|u| \u\dp + (^J |Vu| p d/ij ' + (^J \uR\ p dp 

Since x € R n+1 was arbitrary we conclude that 
max |u| < C(n,p, 8, B) {^\u 

for a constant C depending on n,p, S and B. 

If M is only immersed, we consider the embeddings of M in J$™ +1 x M. k given by the map (px sip : 
M -> R n+1 x R k , where ip : M -> R k is an embedding of M in some Euclidean space. Then, 
repeating the previous argument (it is possible since the starting inequalities from [^3| hold for 
embeddings in any M 1 ) we will get the same conclusion with a constant C e . Finally, as C e depends 
only on Vol M and H, and all the geometric quantities converge uniformly when e goes to zero, 
we conclude that the inequality holds also in the immersed case. 

Now, given any p > n, we choose p = \ min{n+p, 2n + 5}, then clearly n < p < min-jjj, n + 6/2}. 
By the inequality above we have 

max|u| < C(n,p,S,B) (\\u\\ l i (m) + ||Vu|| Lp(ai) + ||uH|j iP(At) ) , 



max|u| < C(n,p,S,B) (||u||z,i( M ) + ||Vu|| iP(Al) + ||uH|| Lp(ai) ) 



we 



then using Holder inequality and an interpolation argument as in the proof of Proposition 5.1 

get 

max|w| < C(n,p,6,B) (\\u\\ L i^ + \\Vu\\ L p^ + \\u\\ LP ^) . 
Applying again Holder inequality, as p < p, we conclude that 

max|u| < C(n,p,S,B) (\\Vu\\ LP ^ + \\u\\ LP(fl} ) , 

which gives the thesis since p depends only on n, p and S. □ 
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We now extend these propositions to tensors (see Q, Prop. 2.11 and also ||, fjj). Since |T| is not 
necessarily smooth we apply the previous inequalities first to the smooth functions ^/|T| 2 + e 2 , 
converging to |T| when e — > 0. As 



(VT, T) 



< 



\T\ 



VW\ : 



|VT| < |VT| 



we get then easily the following result. 



Proposition 6.3. // i/ie manifold (M,g) satisfies Vol M + ||H|| £n +,s( M ) < B for some 5 > £/ien 
for every covariant tensor T — T^...*, we ftaue, 



(6.2) 
(6.3) 



im| L p. M < C(||VT|| iP(Al) + ||T|| LP(Al) ) 



max|T|<C(||VT|| iP(p) 



ITI 



if 1 < p < n, 
ifp > n, 



where the constants depend only on n, I, p, 8 and B. 
We define the Sobolev norm of a tensor T on (M, <?) as 



l|r|| W a, 9W =^||v i T|| i9(M) 

Corollary 6.4. In the same hypothesis on (M, g) we have 



(6.4) 



\V j T\\ LPM <C\\T 



I W B 'i(fj.) 



with 



1 1 s - 3 



>0, 



(6.5) max|V J T| < C\\T\\ W s, Hp) when 

The constants depend only on n, I, s, j, p, q, 6 and B. 



p q 

1 _ s-j 
q n 



n 



< 0. 



Proof. By inequality (6^2) applied to the tensor V J 'T we get 

< Cr(||V^ +a T|| £ , a(M) +2||V' +1 T|| i p a0l) 



|V J T| 



< 

< C(\\V S T\\ L ^ JM 

< C\\T\\ w °,p a - Hfi) . 



+ \\^T\\l^ M ) 



Since the pi are related by 



Pa = p and p s -j = q, we have 



1 



1 



1 



P Ps-n 



Pi Pi+i n 



s-j _ 1 
n q 



s-3 



and the first part of the corollary is proved. 

The second part follows analogously using also inequality (|6.3|). 



Now we put together this result and the universal inequalities 



(6.6) 



□ 



which are obviously implied by Proposition 5.1 , to get the following interpolation type inequalities. 
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Proposition 6.5. In the same hypothesis on (M,g) as before, there exist a constant C depending 
only on n, I, s, j, p, q, r, 8 and B, such that for every covariant tensor T = T^...^, the following 
inequality hold 

(6.7) \\^n L ^) < C\\T\\^ g{ jT\\l-^, 

for all j 6 [0, s], p, q, r € [1, +oo) and a G [j / s, 1] with the compatibility condition 

1 j / 1 s\ 1 - a 
- = -+a + . 

p n \q n J r 

If such condition gives a negative value for p, the inequality holds for every p G [1, +oo) on the 
left side. 



Proof. The cases a = j / s and a = 1 are inequalities ( |6.6D and ( J6.4[ ), respectively, the intermediate 
cases, when j/s < a < 1, are obtained immediately by the log-convexity of || • ||z,pOj) in l/p, which 
is a linear function of a, and the fact that the right side is exponential in a. 
If p is negative then | — £ < and 

< — h a ( 

q n n 



hence, the L°° estimate of inequality (6.5) together with (3.6) gives the inequality for every 
pG[l,+oo). □ 

Remark 6.6. By simplicity, we avoided to discuss in all the section the critical cases of the inequal- 
ities, for instance p = n in Proposition |6.3| . Actually, for our purposes, we just need to say that in 
a critical case we can allow any value of p G [1, +oo) in the left side of inequalities like (6.7). This 
can be seen easily, by considering a suitable inequality with a lower integrability exponent on the 
right side and then applying Holder inequality. 



Putting together the estimates of this section with Proposition 5.4 we obtain the following 
result. 

Proposition 6.7. As long as the flow by the gradient of T m of a hypersurface in K™ +1 exists, for 
every smooth covariant tensor T — T^...^ we have the inequalities 

(6-8) HV'TIU^) < CUTll^^liril^, 

for all j G [0, s], p, q, r G [1, +oo) and a G [j/s, 1] with the compatibility condition 

1 j (\ s\ I- a 
- = -+a + . 

p n \q n J r 

If such condition gives a negative value for p, the inequality holds for every p G [1, +oo) on the 
left side. 

The constant C depends only on m, n, I, s, j, p, q, r and the value of T m for the initial hyper- 
surface. 

7. Long Time Existence of the Flow 

Suppose that at a certain time T > the evolving hypersurface develops a singularity, then 
considering the family {M t } tg j T s, we are going to use the time-independent inequalities ( |6.8| ) to 
show that we have uniform estimates 

max|V fc A| < C k < +oo Vt G \0,T) 

for all k G N. We will see that such estimates are in contradiction with the development of a 
singularity at time t = T , hence the flow must be smooth for every positive time. 
To this aim we are going to study the evolution of the following integrals, 



/ |V fe A| 2 d Mt 

J M 
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Remark 7.1. As in the previous sections, we will omit to say in the computations that all the 
polynomials p s and q s which will appear are independent of the manifold (M, g) where the tensors 
are defined. 

First we derive the evolution equations for g, i>, T l - k and A. Essentially repeating the compu- 
tations of Section ||, we get 



dt 9l] 



2E m h %j 



d_ 

dt 
d_ 

dt 
d 

dl l 

^-Y) k = VE m *A + E m * VA. 



-g 13 =2E m h*J 
at 



VE„ 



Lemma 7.2. The second fundamental form of M t satisfies the evolution equation 



dt 13 



m + 1 times 



2(-l) m Ao . . . o Ah i:j + q +3 (A, A) + q +i (Vv,A) + q 3 (A) 



Proof. Keeping in mind the Gauss- Weingarten relations (2.5) and the equations above, we com- 
pute 



9 h 

dt 13 



d_ 

dt 

V 

d 2 E 



d 2 <p 



dxidxj 

OXiOXj I \ 



dxidx- 



+ E m ( v 



dxidxj 
dxi \ jl9 dx s 



dEm dip ls 
dxi dx s 



l3 dx k - 13 



d 2 E 



dE Tr 



dxidxj 13 dxk 



+ E m hjig ts ( v 



rJ dip 

T -dxZ~ h - V 



■ ViVjE m — E m hi B g sl hij 



Expanding E m we continue 
8 



±hn = V<Vj (2(-l) m AA ... AH + q 2m+1 (Vv, A) + q^A)) 

m times 

- (2(-l) m AA?~~AH + q 2m+1 (Vu, A) + q 1 (A)) /i is5 s ^y 



= 2(-l) m ViVj-AA ... AH + q zm+ %\7v, A) + q 3 (A) . 

Interchanging repeatedly derivatives in the first term we introduce some extra terms of the form 
q 2m+3 (A,A) and we get 



^hij = 2(— l) m AA . . . AViVjH + q 2m+3 (A, A) + q 2m+3 (V^, A) + q 3 (A) , 
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then using equation (2.4) we conclude 

rn times 



d_ 

dt 



h l3 = 2(-l) m AA . . . A(Ahij - Hh u g ls h SJ - |A| 2 %) 
+ q 2m+3 (A, A) + q 2m+3 (Vzy, A) + q 3 (A) 

m + 1 times 



= 2(-l) m AA ...Ahij + q 2m+3 (A, A) + q 2m+3 (Vi/, A) + q 3 (A) . 



□ 



Now we deal with the covariant derivatives of A. 
Lemma 7.3. We have 

m + 1 times 



■^V fe /i l7 =2(-l) m AA" — AV fc ^ 7 - 

dt 3 y J 3 

+ q fc+2m+3 (A, A) + q fe+2m+3 (Vzy, A) + q fe+3 (A) . 

Proof. With a reasoning analogous to the one of Lemma |3.5| applied to the tensor A and by the 
previous lemma, we have 



d d 
— V k h t] =V fc — hij ; +p fc (A,A,E m ) 



.\J k — h tJ + q fc+2m+3 (A, A) + q fc+2m+3 (Vi/, A) + q fc+3 (A, A) 



d_ 
dt 

m+1 times 
i ' A 



= 2(-l) m V fc AA...A/iy 

+ V fc q 2m+3 (A,A) + V fe q 2m+3 (V^,A) + V fc q 3 (A) 
+ q fe+2m+3 (A, A) + q fe+2m+3 (Vi/ ! A) + q fc+3 (A, A) 

m + 1 times 

= 2(-l) m V fe AA^ - A/iy 

+ q fe+2m+3 (A, A) + q fc+2m+3 (V^, A) + q fc+3 (A) . 

Interchanging the operator V fc with the Laplacians in the first term and including the extra terms 
in q fc+2m+3 (A, A), we obtain 

m + 1 times 

-^V fe /i l7 - =2(-l) m AA^ — AV fe /i l7 - 

dt J y ' 1 

+ q k+2m+3 (A, A) + q k+2m+3 (Vis, A) + q fe+3 (A) . 

□ 



Proposition 7.4. The following formula holds, 
Of 



f \V k A\ 2 dfi t = -4 [ \V k+m+1 A\ 2 dfi t 
Jm Jm 



+ / q 2(fc+m+2) (A,A,A) + q 2 ( fc+m+2 )(V^A,A)d/i t 



M 



f q 2 ( fc+2 )(A,A)d Mt . 
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Proof. By the previous results we have 

— IV fc AI 2 — 9n ii: > 1 n ik: > k n is n^ z —XI '■ h V . h 

f |v A| — zg ...g g g y i 1 ...i k n lJ v J1 ... 3t rt s 



' y ■■■ puii ■ ■ ■ y y y v, 1 ..., )1 n li ,v i , 1 ..j i .% z 



d_ 

W 

m + 1 times 

q fc+2m+3 (A, A) + q fe+2m+3 (V^, A) + q fe+3 (A)) * V fe A 
+ 2E m < 7 ^ 1 . . . h iljl . ..«'•'•//' V'V, h.X, ... jk h s , 

m + 1 times 



= 4(-l)™ ff ' 131 • • .fl ,wt 9 ! V z AA . . . AVi,..^^,,.,-,^ 
+ q 2 ( fe+m + 2 ) (A, A, A) + c[ 2{k+m+2) (Vz/, A, A) + q 2 ( fc+2 ) (A, A) 

= 4(-l)"W z V lfc+1 V^ 1 . . . V lfc+m+1 V < *+™+ 1 V 41 ... 4fc % V 11 ft„ 

+ q 2 ( fe+m + 2 ) (A, A, A) + q 2 ( fc + m + 2 ) (Vz/, A, A) + q 2 ( fe+2 > (A, A) . 

Interchanging the covariant derivatives in the first term we introduce some extra terms of the form 
q 2 (fc+"»+ 2 )(A, A, A), hence we get 



s/„ |v ' A|1 



■dm 

I M 



4(-l) m / g is g jz V^ . . . V^ 1 V lfc+m+1 . . . Vi^Vi^hijV^hsz df* 

JM 

+ / q 2 ( fe + m + 2 )(A,A,A) + q 2 ( fe + m + 2 )(V^A,A) + q 2 ( fe+2 )(A,A)^ 
Jm 

+ f q 2 ( fe+2 )(A,A)^ t , 
Jm 

where the last integral comes from the time derivative of fit- 

Then, carrying the m + 1 derivatives V 4fc+1 . . . V* fe+m+1 on V %1 '" %k h sz by means of the divergence 
theorem, we finally obtain the claimed result, 



= - 4 / ffV*V ifc+m+1 ...V <ib+1 V <1 ... ifc ft ij -V i *+™+ 1 ...V i *+ 1 V il -" < */i„d/i t 

+ / q 2 ( fe+m+2 )(A,A,A) + q 2 (' £ + m + 2 )(V^A,A) + q 2 (' £ + 2 )(A,A)^ t 
Jm 

= - 4 / |V fe+m+1 A| 2 d Mt 

JM 

+ / q 2 ( fc+m+2 )(A,A,A) + q 2 (' £ + m + 2 )(V^A,A) + q 2 ( fc + 2 )(A,A)^ t . 
Jm 

The leading coefficient became —4 since we multiplied 4(— l) m for (— l) m+1 while doing the m+ 1 
integrations by parts. □ 

Now we analyze the terms 

f q 2(fe+™+2) (A;AjA)dMt and f q 2(fc+"»+2)(Vl/,A,A)d/it. 

Jm jm 
If one of the two polynomials contains a derivative V*A or V l (W) of order i > fc + m + 1, then all 
the other derivatives must be of order lower than k+m, since the rescaling order of the polynomials 
is 2(fc + m + 2) and the fact that there are at least three factors in every additive term. In this 
case, using repeatedly the divergence theorem as before, to lower such highest derivative, we get 
the integral of a new polynomial which does not contain derivatives of order higher than fc + ra+1. 
Moreover, if there is a derivative of order k + m + 1 then the order of all the other derivatives in 
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q2(fc+m+2) mus t j-, e i ower or equal than k + m, by the same argument. 
With the same reasoning, the term 



f q 2 < fc + 2 )(A,A)^, 
jm 



i M 

can be transformed it in a term without derivatives of order higher or equal than k + m + 1. 
Hence, we can suppose that the last three terms in 

d 



dt 



[ \V k A\ 2 d^ t = -4 / |V fc+m+1 A| 2 ^ t 

JM JM 



'A/ JM 

+ / q 2 ( fc+m+2 )(A,A,A) + q 2 ( fc+m + 2 >(V^A,A)d Mi 



M 



(7.1) + / q 2 ( fe+2 >(A,A)<i Mt 

JM 



' M 

do not contain derivatives of A or of Vf of order higher than fc+m+1; possibly, only one derivative 
of order k + m + 1 can appear. 

Lemma 7.5. T/ie following inequality holds 

|VV| < |V S - X A| + |q s (A)| , 
where q s (A) does not contain derivatives of A of order higher than s — 2. 
Proof. By equations (|2.5| ) it follows that Vf = A * Vy, hence 

V s v = V s ' 1 A*Vcp + ^ V l A*V J VV 



i+j=s-2 



and since V 2 -^ = —hijV, we get 



V s ^ =V S_1 A* V(y5+ V 4 A*V J (Ai/) 

i+j=s-2 

= V S_1 A*V¥> + ^ V 4 A * V J 'A * . 

i+j + k=s-2 

Then, by an induction argument we can express V s v as 

VV = V'^A* V<p+q s (A) 

where q s (A) does not contain derivatives of order higher than s — 2. 
Taking the norm of both sides we get 

|W| < IV^A* Vtp\ + \q s (A)\ 

and we conclude the proof computing 



|V fl-1 A*V<p| = 



ik dl P 



V, hug 



= (v n .., s _ 1 W fc ^ff llJ1 ■■■9 i - lj - 1 9 ij V jl ...j.- 1 h jw g 

= (v, WS/w/"V (i ■ ■■g i '- lJ '- 1 9 ii V jl ... j ._ 1 h JW ) 1/a 

= (V il ...i.- 1 h a g hB g iljl ■ ■■9 i - lj, - 1 9 ij V jl ... jB _ 1 h jw ) 1/2 
= |V' -1 A| . 



1 \ 1/2 
dx z 



□ 



Taking the absolute values inside the integrals and using this lemma to substitute every deriv- 
ative of v in (7.1), we obtain 

9 f |V fc A| 2 d^ t <-4 / \V k+m+1 A\ 2 dn t + [ |q 2 ( fe +" l + 2 )(A)| + |q 2 ( fc+2 )(A)|^ 

JM JM JM 



St. 
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where, as before, the two polynomials do not contain derivatives of A of order higher than k + 
to + 1; possibly, only one derivative of order k + m + 1 can appear in every multiplicative term of 

q20+m+2)(M 

Before going on, we remark that the * product of tensors satisfies the following metric property, 
(7.2) \T*S\ < \T\ ■ \S\ . 

This can be easily seen choosing an orthonormal basis at a point of M, in such coordinates we 
have 

2 



\ T * S \ 2 = E ( E T n -A-i) 

free V contracted / 



lit r acted 
indices indices 

< E ( E T L, k )( E s l 

free » contracted ' » contracted 

indices indices indices 

(E E *?,.*)(£ E C 

^ free contracted * ^ free contracted 

indices indices indices ind 

T\ 2 -\S\ 2 , 



< 



Now by definition we have 

Nj 

2(fc+m+2)/ A ) = V^ @ V c„ A 

' 7—1 



with 



for every j , hence 



J2( Cjl + 1) = 2{k + m + 2) 



1=1 



by (^2h. Setting 



we clearly obtain 



l2 (fe+ m +2)^| < ^[J|V C ' ! A| 

Q,. = J]|V^A| 

q 2(fc+m+2) (A)|^ t < V / Cfcd/it 

.,- JM 



M j JM 

If Q 3 contains a derivative of A of order k + m + 1, we have seen that all the others have order 
lower or equal than k + to, then collecting derivatives of the same order, can be estimated as 
follows 

Qj < |V fc+m+1 A| • Y[ |V*A| a ^ 
for some (Xji satisfying the rescaling condition 

(k + to + 2) + E + 1 ) Q! i j = 2(fc + to + 2) . 

i=0 

Hence, using Young inequality, for every > we have 

/ Q 3 dn t < £j \V k+m+1 A\ 2 dvt + — TT |V l A| 2Q - d/x t 
Jm *£j jm ~^ 

= £j - / \V k+m+1 A\ 2 d^ t + [ |q 2 ( fe+m+2 )(A)|^ t , 

JM JM 
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where we put in evidence the fact that the last term satisfies again the rescaling condition and no 
more contains the derivative v fc+m+1 A. 

Collecting all together such "bad" terms, and choosing suitable Sj > such that their total sum 
is less than one, we obtain 



4 / |V fe A| 2 d/i t <-3 / |V fe+m+1 A| 2 ^+ / |q 
ot Jm Jm Jm 



2(fc+m+2) 



(A) | 



_2(fe+2) 



{A)\dfH 



where now in the last two terms all the derivatives of A have order lower than k + m + 1. We are 
then ready to estimate them via interpolation inequalities. 
As before, 

| q 2(fe+m+2) (A) | <^Q. 

3 

and after collecting derivatives of the same order in Q j , 

k+m k+m 

Qj = Y[ |V l A| Q ^ with + !) = 2 ( fc + m + 2). 



i=0 



i+1 



Then, 



fc+m 



/ Qjdm = f IT iVAI^d^ 



i=0 



k+m 

* n 

k+m 



M 



= n ii^aii^^) 

i=0 

where the ji are arbitrary positive values such that Y] 1/^fj = 1. 

We apply interpolation inequalities: if in ([Tt]) we take q — 2, r — n + 1, s = k + m + 1, j = i 
and T = Awe get 

||V*A|| iPi(M < C||A||^ +m+1( ^|A|fc? 1(/Jt) 

with 



(7.3) 



1 _ k+m+l _ 1 

2 n n+1 



fc + m + 1 



,1 



and Pi > 1 . 

Now, since the volumes of M t and ||A|| in+1 ^ t \ are uniformly bounded in time, also ||A|| i2 (^ t ) is 
uniformly bounded and using the universal inequalities (6.6) with p = q = r = 2 we have 



k+m+1 



\\A\\ w , k+m+1{ ^ < J2 q|V fc+m+1 A||*+ r - 



s=0 
k+m+1 

||yfc+m+l 

s=0 

< S||V fc+m+1 



A|| 



i 2 (Mt) 



All^Oit) + C ' 



where we applied Young inequality. 

Hence, we conclude that we have constants B, C independent of t such that 



(7.4) 



|V*A|| 



< ( J B||V fc+m+1 A|| 



C 



for a as in (7.3) and > 1. 
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Choosing 7$ = if otji = and jj = 2< ^ + ^ + + 1 ^ > otherwise, we have clearly 

k+m k+m / . , 

J_ = y> Q!ji(« + 1) _ 1 



7, ^ 2(fe + m + 2) 

i=0 " i=0 v ; 

by the rescaling condition on the aji- 

We claim that for every i 6 {0, . . . , fe + m}, the product pj = satisfies the condition (7.3). 

By definition, pi = 2 ( fc +™+2) i hence we must check that the following inequality holds 

i+l __ i _ 1 



' ^ 2(k+m+2) n n+1 ^ ^ 



fc + to + 1 _ i - ttHl+1 1 

2 n n+1 

for every i € {0, . . . , k + to}. Since every term is an affine function of i, the claim follows if we 
show that the inequality holds for i — and i = k + m + 1 . 
If £ = we have to prove that 



n < 2(fc+m+2) n+1 
2 n n+1 

that is, since the denominator of the fraction is negative (as 2to > n + 1), 

1 k+m+1 1 < 1 1 <0 

2 n n + 1 ~ 2(k + m + 2) n + l~ 

The right inequality is clearly true, again since 2to > n + 1, the left one becomes 

fc + TO+1 1 1 ^.fc + TO+1 



2(k + to + 2) 2 2(k + to + 2) 
which is true as 2(fe + to + 2) > n. 

When i = k + m + 1 the fraction is equal to 1, hence the inequality obviously holds. 
Then, the exponents Pi = a^cii are allowed in inequality (7.4) and we get 

||V l A|| L ^ l(Alt) < (i?||V fc+m+1 A|| i2(Alt) +C7) Q31 

where aji is the relative value we obtain from ( |7.3| ). 
Hence, 

k+m 



/ QjdiH< [J IIV'AH^ 



i=0 
k+m 



< H (B||V fc + m+1 A|| ia(Mt) + C7) a ^ < 



i=0 



k+m+1 a II 1 W\Z-/»=o a ji a j 



< (B\\V k + m+1 A\\ L2M +C) 



where the constants B and C are independent of t and 

1 _ i_ i_ 

oiji~fi n n+1 



3 l ~ 1 _ fc+m+1 1_ ' 

2 n n+1 

Multiplying this relation by ay* and summing on i from to k + to we get 

fc+m fc+rn _1 iaji _ aji 

E_ \ y 7i n n+1 

" <'"•" _ 1 fc+m+1 1 

i—0 i—0 2 n n+1 

>fc+m / iaji . a 



1 2^i=0 



ll + l 



1 _ fc+m+1 1_ 

2 n n+1 



-1 Y^^+ m ^-^fc+m f 1 1 

1 _ Z^i=0 n 2^i=0 a ^ \^n+T _ n 



1 _ k+m+1 _ 1 

2 n n+1 
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>fc+m 



recalling that J2i=o a jitt + 1) = 2(fc + m + 2) we continue, 



i _ o fc+m+2 , sr^k+m ctji 
1 Z n "f" Z^=0 n(n+l) 



1 _ fc+m+1 1_ 

2 n ra+1 



i _ o fc+m+1 _ 2 , v-^fc+m 
_ 1 Z n n ]~ Z^t=0 n(n+l) 



1 _ fc+m+1 1_ 

2 n n+1 



Now, the denominator is negative and clearly 



fc+m fc+m / • , -i \ 7 , ,n 

_ ^ £; + to + 1 ~ £; + to + 1 

i=0 1=0 



so we obtain 



fc+m ^ — o _ 2^ I 2 



fc+m+2 



H a J i<l . 



fc+m+1 n(n+l) 



^ - 1 _ fc+m+1 1_ 

i=0 2 n n+1 



-i _ o fc+m+1 _ 1 I 2 , 2 1 
1 Z n n ' n(n+l) fc+m+1 n(n+l) 



1 _ fc+m+1 _ 1 

2 n n+1 



^ 2 fc+m+1 



n+1 fc+m+1 n(n+l) 



1 _ fc+m+1 _ 1 

2 n n+1 



fc+m+1 n(n+l) 

~ fc+m+1 I 1 "T 

n n+1 2 

_ 4 

~ 2 ~ (k + to + l)[2(fc + m + l)(n + 1) - n(n - 1)] < 2 ' 



Hence, we finally get 



/ 



Oj d/*t < ( B [ | V fc+m+1 A| 2 dfit + C 

\ JM 



I M 

for a positive 6 and using again Young inequality, we have 



1-5 



/ Qj dfi t < Ej [ |V fe+m+1 A| 2 dfi t + C 

JM JM 



for arbitrarily small £j. Repeating this argument for all the Qj and choosing suitable Ej whose 
sum is less than one, we conclude that 

^ / |V fc A|V t < -2 / |V fe+m+1 A|Vt + <? + f | q 2(fe+2 )(A) | 

"* JM JM JM 

with a constant C independent of time. 

The last term can be treated in the same way. It can be estimated by the sum of the multi- 
plicative terms Qj and collecting derivatives of the same order as before, we have 

fc+m fc+m 

Qj < J] IV'AI^ 4 with + 1) = 2fc + 4 . 

1 = 4=0 

In this case the coefficients 7$, when 7^ 0, are given by ji — 2 ^+ 2 1 hence 

fc+m fc+m / . , , 

EJ_ = y, aji (l + l) = 
7, ^ 2(fc + 2) 

»=o " i=0 

by the rescaling condition. 

With an analogous control, one can see that the conditions on the exponent Pi are satisfied. It 
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lasts to compute 



k+m 
i=0 



k+m 1 ifei _ gjj 

7i U n+1 



k+m+1 _ 1 
j=0 2 n n+1 



1 



Efc+m / . fiji 

i=0 In" 1 " n+1 



1 _ fc+ro+1 

2 n 



1 

n+1 



1 ~~ 2^i=0 n ' 2^j=0 n(n+l) 



1 - 



1 _ k+m+1 _ 1 

2 n n+1 

2fc+4 , ^k+m (3ji 



Ek+m 
i=0 



i(n+l) 



1 _ fc+rn+1 _ 1 

2 n n+1 



As the denominator is negative and 

k+m k+m 



2fc + 4 



i=0 



(=0 



/c + m + l fc + m+ l 



we obtain 



fc+m 



2fc+4 



fc+m /3ji 



Po ia 3 i — ' 



EK+r 
i=0 



fc+m+1 n(n+l) 



i=0 



1 _ k+m+1 _ 1 

2 n n+1 



2fc+4 , 2fc+4 



1 



k+m+1 n(n+l) 



1 _ k+m+1 _ 1 

2 n n+1 



<2, 



since this last inequality is equivalent to 
2fc + 4 2fc + 4 



1 



fe + m + 1 n(n + 1) 



> 1 



2(fc + T7l + l) 



n + 1 



and simplifying, to 



2k + 4 



1 



k + m+1 n(n + 1) 

which is obviously true. 

Concluding as before we finally get 

d 
df 



> - 



2(m- 1) 



n+1 



(7.5) 



f |V fc A|Vt < - f \V k+m+1 A\ 2 u t + C 
Jm Jm 



for a constant C independent of time. 
By (p^2) and Young inequality, we have 



M 



\S7 k A\ 2 n t + C < B\\V h +™ +x A\\£7£? 



k + m + 1 

L 2 (u t ) 



c 



< B\\X7 k+m+1 A\\ k L i^ 



c 



< I [ |v fc+m+1 A| 2 M t + C 
2 Jm 



again with a uniform constant. Combining this inequality with (7.5), we obtain 



d 
dt 



M z 



V fc A|Vt + ^ 



and a simple ODE's argument proves that there exists constants Ck independent of time such that 

I |V fe A| 2 ^ t < C fe . 

JM 
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To pass from W 2,p (^t) to pointwise estimates, first we notice that being all the derivatives of 
A bounded in L 2 (p, t ), by inequalities fl6.2| ), for every p > 1 and k S N we have constants Cfc iP such 
that 



/ |V fc A|f tfo < C k . 

JM 



Then choosing a p > n, we apply inequalities (3.3) to every V fe A to conclude that for every k E 
we have constants Ck, independent of t, such that 



(7.6) 



max|V fc A| < C k 



Looking back at the way we obtained them, we can see that the constants Ck depend only on 
the dimension n, the differentiation order k and the initial hypersurface tpo. 

Following Huisken J2lj , Sec. 8 and Kuwert and Schatzle pq] , Sec. 4, these estimates imply the 
smoothness of the map tp(p,t). 

Since V fc A are uniformly bounded in time, supposing that [0, T) is the maximal interval of existence 
of the flow, we have 



\<p(p,t)-<pfaa)\< J \E m ( n )(p)\dC<C(t-s) 

for every < s < t < T, then (ft uniformly converge to a continuous limit ipx as t — ► T. 
We recall Lemma 8.2 in ^ (Lemma 14.2 in |o|). 

Lemma 7.6. Let gij a time-dependent metric on a compact manifold M for < t < T < +oo. 
Suppose that 



max 



dt 



9ij 



dt<C. 



Then the metrics gij(t) are all equivalent, and they converge as t — > T uniformly to a positive 
definite metric tensor g^ (T) which is continuous and also equivalent. 

In our situation, if T < +oo, the hypotheses of this lemma are clearly satisfied, hence ip(-,T) 
represents a hypersurface. Moreover, it also follows that there exists a positive constant C de- 
pending only on n and (po such that for every < t < T we have 

1 



Since 



£<3«(*)<C 



d 



by (|7.6[), for every k £ N we have 



< c k , 



L°°(p) 



analogously, as the time derivative of the Christoffcl symbols is given by 

d 



r 1 

dt* k 



VE m * A + E m * VA 



it follows that 



dt Jk 



<c k 



L°°(fj,) 



for every k G N. 

With an induction argument, we can prove the following formula (where we avoid to indicate the 
indices) relating the iterated covariant and coordinate derivatives of a tensor T, 



(7.7) 



V m T = d rn T + J2 J2 d jl T... d H Td k T . 

i—1 jiH \-ji-\-k<'m—l 
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By this formula and induction, it follows that 



l|d fe r;. ; || LM(Al) 



r) 

d at jl 



for every t E [0,T). 

Applying again formula (7/7) to T — V s A we see that 

k 

d k x7 s A-\7 k+s A = Y^ £ ^ i r...5 , '«ra'v'A, 

»=1 ii+-+j'i+/<k-l 
and by induction and estimates (|7.6| ) we obtain 

\\d k V s A\\ L ^ {p) <c k , s 

for every k, s € N. 

Since we already know that |y| is bounded and |cfy>| = 1, by the Gauss- Weingarten relations ( |2.5| ) 

9 2 (/j = r3y + Au , dv = A * 9<p 
and the previous estimates, we can conclude that 

\\d k <p\\ L oo {tl) < C k 

for every k € N and £ e [0, T). 

The regularity of the time derivatives also follows by these estimates and the evolution equation. 

Hence, the convergence iff — > yr, when t — ► T, is in the C°° topology and Mr is smooth. Then, 
using Theorem [f.l| to restart the flow with tpx as initial hypersurface, we get a contradiction with 
the fact that [0, T) is the maximal interval of existence. 

Remark 7.7. Though this argument shows that the solution is classical, we cannot conclude that 
the estimates on the parametrization hold uniformly for every t S [0, +oo) which is instead the 
case for the estimates (7.6) on the curvature. 

Theorem 7.8. If m > [—1 , for any smooth hypersurface immersion (p : M -> M™ +1 there exists 
a unique smooth solution to the problem 

that is, the gradient flow associated to the functional 

FmOp) = [ l + \V m v\ 2 dfX, 

Jm 

defined for every t 6 [0, +oo) and taking ipo as its initial value. 
Moreover, such solution satisfies 

max|V fc A| < C k . 

M t 

for constants Ck depending only on n, k and ipo. 

8. Convergence 
Let us consider the function a : [0, +oo) — » M, 

<r(t) = f [E m (^)f d/H > 0. 

Clearly we have 

d f 

—T m {tft) = - I [E m (^ t )] 2 d^ t = -cr(t) , 
at Jm 

and integrating both sides in t on [0, +oo) we get 

a(t) dt = Fmipo) - F m {tpt) < F m (<Po) ■ 
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Moreover, 



d , , 






-/ 

Jm 



2^^E m (^)-H[E m (rf 



d/it < C 



by the bounds (7.6). Then the function a, being Lipschitz and integrable on [0, +00), converges 
to zero at +00. This means that every C°° limit hypersurfacc of the flow ip : M — > R n+1 satisfies 
E m ( - 0) = 0, i. e., it is a critical point of T m . 

To find limit hypersurfaces, we need the following compactness result of Langer and Delladio 113, 



Theorem 8.1. Let be given a family (M,gi) of closed, oriented, n-dimensional hypersurfaces, 
isometrically immersed in R™ +1 via the maps ipi : M — > R" +1 ; let [ii the associated measures on 
M and Bar^ the center of gravity of tpi , that is, 

Baxi = (fit dfi{ . 
Jm 

Let h be any metric tensor on M , if for some exponent p > n and C > we have 

/ 1 + |A| P dm + |Bari| < C < +00 , 
Jm 

then there exist a subsequence of {<fi} (not relabeled) and diffeomorphisms Ui : M — » M such 
that, {ipi o cTj} converges in the H 2,p weak topology of maps from (M, h) —> R™ +1 to an immersion 
ip: M -> R n+1 . 

Translating the hypersurfaces ipt : M — > R in order to have Bar t = S R ra+1 , we are in the 
above hypotheses. Hence, we can extract a subsequence of smooth hypersurfaces tpi — tp ti and 
diffeomorphisms <Tj : M — > M such that, for a fixed metric /i on M, the sequence {<Pi°Ci} converges 
in the H 2,p weak topology to an immersion xj) : M — > R n+1 . 

With the arguments of the proo f of Theorem ST in (l^, ^7) and keeping into account that in our 
case we have also the estimates (7.6), it is possible to conclude that actually the convergence is in 
the C°° topology and the limit hypersurface is smooth (see also |2^], Prop. 3.4). 



Theorem 8.2. The family of smooth hypersurfaces tpo : M 
by the gradient flow for the functional 



l n+1 , immersed in R n+1 , evolving 



? n {<p)= I l + |V"V| 2 d/i, 
Jm 



when m > [^1 , up to reparametrizations and translations, is compact in the C°° topology of maps. 
Moreover, every limit point for t — > +00 is a C°° critical hypersurface of the functional T m - 



9. Some Remarks and Open Problems 

9.1. Other Ambient Spaces. A natural extension would be to consider an ambient spaces 
different by R n+1 and a codimension s greater than one, that is, a general Riemannian manifold 



(N,h) of dimension n + s (notice that Polden's Theorem 4.1 about small time existence of the 
flow already deals with hypersurfaces in a general target manifold). In this context a functional 
which could be considered is 

F m {<p)= [ l + |V m o;| 2 d/i 
Jm 

where w — v\ A • ■ ■ A v s is a s-vector obtained by a local orthonormal basis of the normal space to 
the n-dimensional immersed submanifold tp : M — > N n+S . 

In p6| Kuwert and Schatzle announce a forthcoming paper with the extension of Polden's results 
to space curves. 
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9.2. Other Functionals. It would be very interesting to study the flows in the "critical" case 
2m = n, where our proof fails since we are no more able to bound the constants independently of 
time. Notice that the well known Willmore functional (see |2^, |34|, |3S[ |) 

%)= / |A| 2 dM 
Jm 

falls exactly in this case if we add the area term, since |A| 2 is equal to |V^| 2 . 
To the author knowledge, up to now nor there is a proof of regularity of the flow, neither an 
example showing the development of a singularity. A first step in this research was recently done 
by Kuwert and Schatzle |2(J. 

When 2m < n we do not expect regularity of the flow by the gradient of T m since, by analogy 
with the previous discussion about the regularity of varifolds, the curvature term should not be 
sufficient to give regularity and dumb-bell like separation phenomena should appear during the 
flow of certain hypersurfaces. It should also be noticed that in this and in the critical case, the 
n-dimensional unit sphere in K™ +1 collapses in finite time. 

Moreover, one can consider also "non-quadratic" functionals, for instance, 

FmAv) = / 1 + I V"V| P d[i when mp > n 

(following the analogy with the Sobolev spaces), in particular, 

•^i.pO/ 3 ) = / l + |A| p <4t for p>n 

which would give rise to a flow of order lower than the one of J- m when n > 1. 
In the same spirit another interesting functional is 

H p {ip)= [ l + |H| p d^ for p>n. 
Jm 

In these cases the smoothness of the associated flows is an open problem. 

9.3. Smoothing Terms. From our analysis, it easily follows that for every positive constants a 
and (3 also the gradient flow of the functional 

F${!P)= I a + /?|V"V| 2 d M 
Jm 

exists and it is smooth for every positive time. 

Moreover, if we consider a general positive geometric functional 

G(<p) = [ f(<P,g,&,v, ■■■ ,v s A,v^)d M , 

Jm 

such that / is smooth and has a polynomial growth, choosing an integer m large enough, the 
gradient flow of the perturbed functional with e > 

does not develop singularities. This is achieved choosing m so that the rescaling order of | V"V| 2 is 
larger than the rescaling order of f(tp, g,A,is, ... , V S A, V v), in this way the extra terms coming 
from Q are well controlled by the leading term in the first variation of sT m and do not affect long 
time existence. 

We say that T m is a smoothing term for Q. 

Once we have a sufficiently general family of smoothing terms we can study what happens 
varying the parameters, in particular when the constant in front of them goes to zero. 
This program, suggested by De Giorgi's in g, [l0| , Sec. 5, can be stated as follows: given a geometric 
functional Q defined on submanifolds of the Euclidean space (or a more general ambient space) , 

• find a functional J- such that the perturbed functionals Q e = Q + e!F give rise to smooth 
flows; 
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• study what happens when e — > 0, in particular, the existence of a limit flow and in this case 
its relation with the gradient flow of Q (if it exists, smooth or singular). 

Our work shows that the functionals T m satisfy the first point for geometric functionals on 
hypersurfaces in R Tl+1 Q with polynomial growth, provided we choose an order m large enough 
(depending on Q). 

Concerning the second point, a first step would be to consider the possible limits when e — > 
of the flows of J M 1 + e| V"V| 2 d[i when m > [n/2] and their relation with the mean curvature 
flow. Even the simplest case of the convergence of the family of flows of curves associated to the 
functionals 

TfO) = I l + ek 2 ds 
to the mean curvature flow is an open problem. 

9.4. De Giorgi's Conjecture. Finally we introduce the original smoothing terms suggested by 
De Giorgi in || [To). Given a smooth embedded hypersurface M C R™ +1 , we can consider the 
squared distance function r] M (x) = [d(x,M)\ 2 : R n+1 — > R which turns out to be smooth in a 
neighborhood of the hypersurface M. Then we define the function 

A M {X) = W-fM 



and its derivatives 



d m A M {x) 
dxi . . . dx m 



whenever they exist, in particular for every x € M. 

The quantities Af* i (x) for x £ M are related to the second fundamental form A(x) of M and 
to its derivatives up to the order m — 3, for instance 

\A% k (*)\ 2 = E {A?< k (x)f=3\A(x)\ 2 . 

l<i,j,k<n+l 

In general there is a bijective relation between the quantities Af- k {x) and the second fundamental 
form of M at x (sec ||). In the case of immersed manifold, not necessarily embedded, the function 
A M (x) can be defined using the property that every immersion is locally an embedding. 
The relations of the distance function with the second fundamental form make it a valuable tool 
in the study of the evolution by mean curvature (see ||, ^|) and more in general of geometric 
functionals and flows (see for instance [|[ |l2[). 

De Giorgi suggested that the gradient flow of the functionals 

VQ m {ip)= f l + IA^.J 2 ^ 

JM 

when m is large enough, does not become singular. 

By analogy with our work we expect that when m > [S] + 2 we obtain regularity. 

The first variations of these functionals has been studied by Ambrosio and the author in , 
Sec. 5.3: the leading term of the first variation of T>Q m turns out to be a constant multiple of the 



leading term of E m _2 (see Theorem 3.7) 



m — 2 times 

2m(-l) m AA A ~AH, 

moreover, the functional 2X7 m has the same rescaling properties oiT m -i. 

The difficult step in repeating our proof stays in controlling a priori Sobolev and interpolation 
constants, or more precisely in obtaining inequalities of kind 

ll^i 1 ...;JU*>(M) ^ Cr ll- 4 ii...ifc+ilU«0) ' 
since the integrals are done on M but the derivatives are taken along all the directions of the 
ambient space R n+1 . 

At this moment the original conjecture of De Giorgi remains open. 
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9.5. Asymptotic Behavior. An open problem arising from the discussion of the previous sec- 
tion is the question of the uniqueness of the limit hypersurfaces. It is also unknown to the author 
if actually it can happen that the hypersurface goes to the infinity when t — > +00. 
To conclude, we mention the problem of classification of the limit points of these flows, or equiv- 
alently of the critical hypersurfaces of T m . In his work |30| Polden completely classifies the limit 
curves of the flow of the functional (|1 . 1|) , the analogous n-dimensional result seems to be a much 
more difficult task. 
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